ERRORS IN MEASUREMENTS 
AND THEIR PROPAGATION 








1.1 ERROR TYPES 


Gross errors are, in fact, not errors at all, but results of mistakes that are due to the carelessness 
of the observer. The gross errors must be detected and eliminated from the survey measurements 
before such measurements can be used. Systematic errors follow some pattern and can be expressed 
by functional relationships based on some deterministic system. Like the gross errors, the systematic 
errors must also be removed from the measurements by applying necessary corrections. After all 
mistakes and systematic errors have been detected and removed from the measurements, there will 
still remain some errors in the measurements, called the random errors or accidental errors. The 
random errors are treated using probability models. Theory of errors deals only with such type of 
observational errors. 


1.2 PROBABILITY DISTRIBUTION 


If a large number of masurements have been taken, the frequency distribution could be considered 
to be the probability distribution. The statistical analysis of survey observations has indicated that 
the survey measurements follow normal distribution or Gaussian distribution, being expressed by 
the equation, 
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where dy is the probability that the value will lie between the limits of x, and (x,+dx), U is the true 
mean of the population, and © is the standard deviation. 


1.3 MOST PROBABLE VALUE 


Different conditions under which the measurements are made, cause variations in measurments and, 
therefore, no measured quantity is completely detrminable. A fixed value of a quantity may be 
concieved as its true value. The difference between the measured quantity and its true value T is 
known as error €, i.e., 
E=x-T (1.2) 
Since the true value of a measured quantity cannot be determined, the exact value of € can 
never be found out. However, if a best estimate * which is known as the most probable value of 
T, can be determined, x can be used as a reference to express the variations in x. If we define 
v as residual then 
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v=k-x (1.3) 


The residuals express the variations or deviations in the measurements. 


1.4 STANDARD DEVIATION 


Standard deviation also called the root-mean square (R.M.S.) error, is a measure of spread of a 
distribution and for the population, assuming the observations are of equal reliability it is expressed 


as 
Yu 2 


n 


However, u cannot be determined from a sample of observations. Instead, the arithmetic mean 
x is accepted as the most probable value and the population standard deviation is estimated as 





E eo ET, 7 
On- = EE ...(1.5) 
Ev’ 
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The standard deviation given by the above expression is also called the standard error. Henceforth 


in this book the symbol o will mean O,- 


1.5 VARIANCE 


Variance of a quantity is expressed as 


LU 
V = — A7) 

n-l1 

or a0. 
or =o" (1.8) 


and is also used as a measure of dispersion or spread of a distribution. 


1.6 STANDARD ERROR OF MEAN 


The standard error of mean ©,, is given by 


2v’ 
oO, =+ can (1.9) 





or -t—— ...(1.10) 
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and hence the precision of the mean is enhanced with respect to that of a single observation. There 
are n deviations (or residuals) from the mean of the sample and their sum will be zero. Thus, knowing 
(n — 1) deviations the surveyor could deduce the remaining deviation and it may be said that there are 
(n — 1) degrees of freedom. This number is used when estimating the population standard deviation. 


1.7 MOST PROBABLE ERROR 


The most probable error is defined as the error for which there are equal chances of the true error 
being less and greater than probable error. In other words, the probability of the true error being 
less than the probable error is 50% and the probability of the true error being greater than the 
probable error is also 50%. The most probable error is given by 





Ev? 
e =+ 0.6745 = (1.11) 


= t 0.67450 (1.12) 


1.8 CONFIDENCE LIMITS 


After establishing the sample mean as estimate of the true value of the quantity, the range of values 
within which the true value should lie for a given probability is required. This range is called the 
confidence interval, its bounds called the confidence limits. Confidence limits can be established for 
that stated probability from the standard deviation for a set of observations. Statistical tables are 
available for this purpose. A figure of 95% frequently chosen implies that nineteen times out of 
twenty the true value will lie within the computed limits. The presence of a very large error in a 
set of normally distributed errors, suggests an occurance to the contrary and such an observation 
can be rejected if the residual error is larger than three times the standard deviation. 


1.9 WEIGHT 
This quantity @ is known as weight of the measurement indicates the reliability of a quantity. It 


is inversely proportional to the variance (g?) of the observation, and can be expressed as 


k 


o2 
where k is a constant of proportionality. If the weights and the standard errors for observations 
X1, Xas secas etc., are respectively Dog @,, ete., and Oje Ozariy tC and O, is the 


standard error for the observation having unit weight then we have 





QO, =0,0} =... =0}. (1.13) 
Hence 
2 2 
Oo. = O, w O, 
17 2? pen, Nee =| e 


4 SURVEYING 


and ~~ 3? ~~ ete. (1.14) 


The weights are applied to the individual measurements of unequal reliability to reduce them 


to one standard. The most probable value is then the weighted mean Xm of the measurements. Thus 
a _ Xo) (1.15) 
m EO $ eee . 


and standard error of the wieghted mean 


EI Olin- x 
a-a aae J (1.16) 


(n-1) Lo 








The standard deviation of an observation of unit weight is given by 


Eol,- xy 
c=] 9G a stl AP 








(n-1) 


and the standard deviation of an observation of weight @, is given by 


2 (Xin — X 
oal 1 ae J «(1:18) 


On (n= 1) 








1.10 PRECISION AND ACCURACY 


Precision is the degree of closeness or conformity of repeated measurements of the same quantity 
to each other whereas the accuracy is the degree of conformity of a measurement to its true value. 


1.11 PROPAGATION OF ERROR 


The calculation of quantities such as areas, volumes, difference in height, horizontal distance, etc., 
using the measured quantities distances and angles, is done through mathematical relationships 
between the computed quantities and the measured quantities. Since the measured quantities have 
errors, it is inevitable that the quantities computed from them will not have errors. Evaluation of 
the errors in the computed quantities as the function of errors in the measurements, is called error 
propagation. 


Let y = f(xy, Xe Xy) then the error in y is 
of of of 
dy = ——dx, + “dx t....... +— dx, 
y P 1 Je 2 T ...(1.19) 


and the standard deviation of y is 


2 2 2 
2 | fF Of of 
c= Es o, ) (x O, ) Sn (2 Oo. a 1:20) 
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where Gi, dX, sane , etc., are the errors in xj, X5,....., etc., and O,,0,; Sans , etc., are their 


standard deviations. In a similar way if 


of 


then OF =O, Og Toren +0? , since ai , ete. = 1. (1.21) 
) n i 


And if 


y= kx, in which k is free of error 


Oy = koy, 
; of 
since a5. =k 
Ox, 
In the above relationships it is assumed that x), X5,......., x, are independent implying that the 


probability of any single observation having a certain value does not depend on the values of other 
observations. 


1.12 NORMAL DISTRIBUTION 


The expression for the normal distribution is 





1 ~(—x,)2/262 
dy = z Ta =%)/20 dy, ...(1.23) 
: U-x : 
Taking u = ——, the expression becomes 
Oo 
dy = 1 ld 
y= Ta e u. (1.24) 


Eq. (1.24) is the standardized form of the above expression, and Fig. 1.1 illustrates the 
relationship between dy/du and u is illustrated in Fig. 1.1. 


The curve is symmetrical and its total area is 1, the two parts about u = 0 having areas of 
0.5. The shaded area has the value 


+u | 


-> V2 


and it gives the probability of u being lying between —oo and + u,. The unshaded area gives the 
probability that u will be larger than + u,. Since the curve is symmetrical, the probability that u takes 
up a value outside the range + u; to — u; is given by the two areas indicated in Fig. 1.2. 


i 
e™ "2 du 
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Fig. 1.1 Fig. 1.2 


The values of the ordinates of the standardized form of the expression for the normal distribution, 
and the corresponding definite integrals, have been determined for a wide range of u and are 
available in various publications. A part of such table is given in Table 1.5 and some typical values 
used in this example have been taken from this table. 


Example 1.1. The following are the observations made on the same angle: 


47°26'13” 47°26'18” 
47°26'10” 47°26'15” 
47°26'16” 47°26'12” 
47°26'09” 47°26'15” 
47°26'18” 47°26'14” 


Determine 

(a) the most probable value of the angle, 

(b) the range, 

(c) the standard deviation, 

(d) the standard error of the mean, and 

(e) the 95% confidence limits. 

Solution: 

For convenience in calculation of the required quantities let us tabulate the data as in Table 1.1. 
The total number of observations n = 10. 

(a) Most probable value = £ = 47°26'14” 

(b) Range = 47°26'18” — 47°26’09” = 9” 


(c) Standard deviation 
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(d) Standard error of mean 





















































=t—— = + 1.0” 
10 ~ 
Table 1.1 
Observed angles (x) Ce -x =v? 

47°26 13” +1 1 

10” +4 16 

16” -2 4 

09” +5 25 

18” -4 16 

18” =a 16 

15” =] 1 

12” +2 4 

15” -1 1 

14” 0 0 

x = 140” y=0 y=84 
-Hae MO § 47°06/14" 
n 10 
(e) 95% confidence limits 
z gai ~ tO 
The lower confidence limit =xX-— 
n 
A beaks ~ tO 
The upper confidence limit =x+ Jn (1.22) 

n 


where f¢ is selected from statistical tables for a given value of n. For n = 10, t = 2.26 and so 


to _ 2.26x3.1 
vn 10 


Hence the 95% confidence limits are 47°26'14” + 2.2”. 
It is a common practice in surveying to reject any observation that differs from the most 
probable value by more than three times the standard deviation. 


Example 1.2. The length of a base line was measured using two different EDM instruments 
A and B under identical conditions with the following results given in Table 1.2. Determine the 


99% 
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relative precision of the two instruments and the most probable length of the base line. 


Table 1.2 


1001.678 1001.677 
1001.670 1001.681 
1001.667 1001.675 























1001.682 1001.678 
1001.674 1001.677 
1001.679 1001.682 
1001.679 
1001.675 








Solution: 


(i) The standard deviation of the masurements by A 


mai Ev’ _, || _164 
4 W a-n) Y=) 















































=+ 5.73 mm. 
Table 1.3 
1001.678 -3 9 1001.677 +1 1 
1001.670 +5 25 1001.681 -3 9 
1001.667 +8 64 1001.675 +3 9 
1001.682 -7 49 1001.678 0 0 
1001.674 +1 1 1001.677 +1 1 
1001.679 -4 16 1001.682 -4 16 
1001.679 -1 1 
1001.675 +3 9 
Ł=6001.050 Ł=164 }Ł=8013.424 Ł=46 
g, =600L050 -1001.675 m ig = =1001.678 m 








The standard deviation of the measurements by B 


eae 46 
Ba 6-D =+ 2.56 mm. 
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The standard error of the mean for A 


Ona = +22 = +2.34 mm. 


V6 


(ii) The standard error of the mean for B 


O nB sie =+0.91 mm. 


V8 


(iii) The relative precision of the two instruments A and B is calculated as follows: 
If the weights of the measurements 1001.675 m and 1001.678 m are @, and @, having the 


standard errors of means as +2.34 mm and +0.91 mm, repectively, then the ratio @, /o gisa 


measure of the relative precision of the two instruments. Thus 


@, 0; 0.91 
Op O? 2.34? 
a 
~ 6.6 





Oz 
O,=— 
A 6.6" 


(iv) The most probable length of the line is the weighted mean of the two observed lengths. 
Now 


Therefore, 


P _ (x) _@,L, + Ogle, 
” Eo O, + Opg 





F. x 1001.675 + ©z x 1001.678 





Oe i os 
6.6 


_ 1001.675 + 6.6x1001.678 
1+6.6 


= 1001.6776 m. 





In accordance with the observations, „could be written as 1001.678 m to the nearest 
millimetre. 

Example 1.3. An angle was measured with different weights as follows: 

Determine 

(a) the most probable value of the angle, 

(b) the standard deviation of an obsevation of unit weight, 

(c) the standard deviation of an observation of weight 3, and 

(d) the standard error of the weighted mean. 


10 


86°47'25” 





86°47'28” 





86°47'22” 





86°47'26” 





86°47'23” 





86°47'30” 





86°47'28” 





86°47'26” 


wl owl} AINI =j w]e 
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Solution: Tabulating the data and the weighted results working from a datum of 86°47’, we 
get the values as given in Table 1.4. 


(a) The most probable value of the angle is the weighted mean 


Xo = Datum + 


L(ox) 
xo 
467 





= 86°47’ + J8 = 86° 4725.9” 


(b) Standard deviation of an observation of unit weight 


O, 





ae pa 


(n-1) 


Table 1.4 


| HET = +3.64”. 












































geear25” | 25 | 1 | 2 | +1 1 
gara | 28 lalea |-2 | 2 
sora” | 2 | 1 | z2 [+4 | w 
3647726" | 2 | 2 | 52 0 0 
gear” | 23 | 4] 2 [+3 | % 
gears | 30 | 1 | æ | -4 | w 
searg | s | 3 | | -2 | 2 
364726" | 26 | 3 | 78 0 0 
X=208 | Y=18} Y=467 r=93 
$ = 78 96 
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(c) Standard deviation of an observation of weight 3 


SNETI 








@,(n-1) 
93 
=+ = 
Alternatively, 
OC, =0,0; SO, 
We have @, =3, therefore 
2 oÈ 364? 
Og = = 
3 3 
Op =t = =+ 2 10” 





=+ = a 
t| @xpmas| = +086". 


Alternatively, 


2 
O,,5m =O 


m m u 


Since @,, =X@, we have 





64 
nE oer 


V18 
Example 1.4. If the standard deviation O, of a single measurement in Example 1.1 is + 3”, 
calculate 


(i) the magnitude of the deviation likely to occur once in every two measurements, 
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(ii) the probability that a single measurement may deviate from the true value by + 6”, and 


(iii) the probability that the mean of nine measurments may deviate from the true value by 
ENIN 


Solution: 


If a deviation is to occur once in every two measurements a probability of 50% is implied. 
Thus in Fig. 1.2 the two shaded parts have areas of 0.25 each and the total shaded area is 0.5. 


Table 1.5 





+u 
u dy/du Í 


—oo 





0.0 0.3989 | 0.5000 
0.6 0.3332 | 0.7257 
0.7 0.3123 0.7580 
1.5 0.1295 0.9332 
2.0 0.0540 | 0.9772 























+u 
Since f is the shaded area as shown in Fig. 1.2, a value of u is required such that 


+u +u 
1- f =0.25, ie, | =0.75. 
By inspection, we find in the Table 1.5 that the value 0.75 of the integral lies between the values 


+u 
0.6 and 0.7 of u. The value of u is 0.6745 for f = 0.75. 


u-x 





Now u = —— =0.6745 
Oo 
therefore, deviation (u — x) = 0.6745 o 
= + 0.6745 x 3 
= 2 2:0", 
(b) For a deviation (u — x) of + 6” for a single measure 
y= HX 8-99, 
(0) 3 
For u = + 2.0 from Table 1.5, we have 
+20 
J = 0.9772. 
+2.0 
Hence 1- f =1-0.9772 = 0.0228. 


For the deviation to lie at the limits of, or outside, the range + 6” to — 6", the probability is 
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2 x 0.0228 
0.0456, or 4.6%. 


(c) The standard deviation of the mean of nine observations 


o 
On =-= 


_ 3.0 " 
m Rm Jo Se 10" 


For a deviation of 1.5” 








ya tote 15 
Om 1.0 
= LSN 


For u = + 1.5 from the Table 1.5, we get 
+15 
1- | =1-0.9332 = 0.0668. 


Therefore the probability of assuming a deviation of + 1.5” 
= 2 x 0.0668 
= 0.1336, or 13.4%. 


Example 1.5. The coordinates with standard deviations of two stations A and B were determined 
as given below. Calculate the length and standard deviation of AB. 





Station Easting Northing 
A 456.961 m + 20 mm | 573.237 m + 30 mm 
B 724.616 m + 40 mm | 702.443 m + 50 mm 

















The length of AB was independently measured as 297.426 m + 70 mm and its separate determination 
by EDM is as 297.155 m + 15 mm. Calculate the most probable length of the line and its standard 
deviation. 


Solution: 


If AE is the difference in the eastings of A and B and AN is the difference in the northings 
then the length of the line AB 


= VAE’ + AN” 





= „(124.616 — 456.961)" + (702.443 — 573.237} 
= 267.6552 + 129.206? 





= 297.209 m. 
From Eq. (1.21) the standard deviation Og and Oy of A; and Ay, respectively, are 


2_ 2 2 
Or =O tOpg 


2_ 2 2 
On =Ons tOnz 
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14 
Opa =+20 mm; o,,=+40 mm, Opa =+30 mm; Oy, =+50 mm. 
Therefore, 
o} =20°+40’, or of, =+44.7mm 
o? =30° +507, or oy =£58.3 mm 
Now from Eq. (1.20), the standard deviation of the computed length AB 
2 2 
Op = ƏL Og | + oL o 
> E Afery N bse 
(alae) "J (aa) j 
where L=VAE? + AN? ...(b) 

Now by differentiating Eq. (b), we get 

oe 1 oy AB (AE? + AN)” 

O(AE) 2 

2 AE _ AE _ 267.655 _ 0.901 
AE? + AN? L 297.209 
Similarly, 
ƏL 2 AN _ 129.206 = 0.435 
(AE) L 297.209 
Hence from Eq. (a), we get 
o2,, = (0.901x44.7 7 + (0.435x58.3} = 2265.206 
or Cy 7E 47.6 mm. 


Now we have three values of the length AB and their standard deviations as given in Table 1.6. 














Table 1.6 
Length (/) by (oj o = ec 
m) (mm) 
Tape 297.426 + 70 1/4900 
EDM 297.155 + 15 1/225 
Calculation 297.209 + 47.6 1/2266 











Since the weight of a measured quantity is inversely proportional to its variance, we can 
calculate the weights of the lengths obtained by different methods, and these have been given in 


Table 1.6. 
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The most probable length of AB is the weighted mean of the three values of AB. 
Thus 


x 297.209 








X297.426+ ay 297.155+ l 
225 2266 
1 1 1 
+——+ 
4900 225 2266 


z = 4900 

















= 297.171 m. 
The weight of L is 
o= l T : + 0.00509 
4900 225 2266 ` 
Since @=1/0° 
ips 1 
p= 
o; 
ji | 1 
OL = = 
OL 0.00509 
= + 14.0 mm. 


The standard deviation of the length 297.171 m is + 14.0 mm. 

Example 1.6. A base line AB was measured accurately using a subtense bar 1 m long. From 
a point C near the centre of the base, the lengths AC and CB were measured as 9.375 m and 
9.493 m, respectively. If the standard error in the angular mesurement was + 1”, determine the error 
in the length of the line. 

Solution: 

In Fig. 1.3, the subtense bar PQ is at C and the angles œ and p were measured at A and 
B, respectively. < xı pie x2 >| 

It is given that a 











POQ=b=1m 
AC = x, = 9.375 m ‘ 
CB = x, = 9.493 m 
For subtense bar measurements, we have - 
Fig. 1.3 
= b 
ere ...(a) 
2 
where x = the computed distance, and 


0 = the angle subtended at the station by the subtense bar. 


When @ is small, Eq. (a) can be written as 
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2 
dx= bdo aude =-Ž a (d0 inradians) 


ge BY b 
(2) 


Writing O4g:04c:Ocg»Oa and Og as the respective standard errors, we have 





Therefore 


M aaan l 


: = +0.000426 m 
b 1 206265 





2 2 
oe =- 0, = xl = 40,000437 m 
b 1 206265 





2 _ 2 2 
Ong =O ac tOcg 





o ,, = +V0.000426? + 0.000437? 


= + 0.61 mm. 


The ratio of the standard error to the measured length (AB = 9.375 + 9.493 = 18.868 m) is 
given as 





= 1 in 30931 


Example 1.7. The sides of a rectangular tract were measured as 82.397 m and 66.132 m with 
a 30 m metallic tape too short by 25 mm. Calculate the error in the area of the tract. 


Solution: Let the two sides of the tract be x, and x, then the area 





Y= XxX ...(a) 
If the errors in x; and x, are dx, and dx, respectively, then the error in y 
dy dy 
dy =—— dx, + dx, 
y ax, 1 ax, ...(b) 


Now from Eq. (a), we get 


E T 
Ox, 


dy 
Ox, 





= x, = 82.397 m. 


The values of dx,and dx, are computed as 
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dx, = = X82.397 =0.069 m 





dx, 





= re x 66.132 =0.055 m. 


Therefore from Eq. (b), we get 
dy = 66.132 x 0.069 +82.397x0.055 = 9.095 m’. 


The percentage of error 


= 9.095 
~ 82.397x 66.132 
Example 1.8. Two sides and the included angle of a triangle were measured as under: 
a = 757.64 + 0.045 m 
b = 946.70 + 0.055 m 
C = 54°18' + 25" 


Compute the area of the triangle and its standard error. 


x100 = 0.17 %. 


Solution: 


1 . 
(a) Area of a triangle A= zg ...(a) 


= ; x 757.64 x 946.70 x sin 54°18’ = 291236.62 m°’. 


(b) Standard error in A 


E a a ia cae b 
A ða a ob b ac È wi ) 
Differentiating Eq. (a), we get 
9A Z lh sinC = 1 x 946.70 x sin54°18 = 384.400 
da 2 2 
9A _ l bsinC = 1 x 747.64 x sin54°18’ = 307.633 
ob 2 2 
JA i o ene 
€ == a oG == > x 946.70 x 757.64 x sin 54°18 = 209274.739 


Now from Eq. (b), we get 








2 
o, = +, |(884.400x0.045 F + (307.633x0.055) +| 209274.739x = 
206265 


= + 35.05 m°. 
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OBJECTIVE TYPE QUESTIONS 


Accuracy is a term which indicates the degree of conformity of a measurement to its 
(a) most probable value. (b) mean value. 

(c) true value. (d) standard error. 

Precision is a term which indicates the degree of conformity of 

(a) measured value to its true value. 

(b) measured value to its mean value. 

(c) measured value to its weighted mean value. 

(d) repeated measurements of the same quantity to each other. 

Theory of probability is applied to 

(a) gross errors. (b) systematic errors. 

(c) random errors. (d) all the above. 

Residual of a measured quantity is the 

(a) difference of the observed value from its most probable value. 

(b) value obtained by adding the most probable value to its true value. 
(c) remainder of the division of the true value by its most probable value. 
(d) product of the most probable value and the observed value. 


If the standard deviation of a quantity is + 1”, the maximum error would be 


(a) 2.39”. (b) 3.29”. 

(c) 2.93”. (d) 9.23”. 

If the standard deviation of an observation is + 10 m, the most probable error would be 
(a) 6.745 m. (b) 20m. 

(c) 10m. (d) 0.6745 m. 

The systematic errors 

(a) are always positive. (b) are always negative. 

(c) may be positive or negative. (d) have same sign as the gross errors. 


Variance of a quantity is an indicator of 
(a) precision. (b) accuracy. 
(c) randomness. (d) regular nature. 


In the case of a function y = f(x,,x,), the error in y is computed as 


_{ of of 
(a) (2 In ies Jes 


of i of 7 
dy =| — | dx — | dx 
oO ”% a a . 
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10. 


11. 


12. 


of 2 of 2 
(c) a| fan) AZ Jew) 


oe.) fa, ) 
dy =| ——dx, | +| — dx 
© cs | Es | 
The adjusted value of an observed quantity may contain 
(a) small gross errors. (b) small systematic errors. 
(c) small random errors. (d) all the above. 
One of the characteristics of random errors is that 
(a) small errors occur as frequently as the large errors. 
(b) plus errors occur more frequently than the negative errors. 
(c) small errors occur more frequently than the large errors. 


(d) large errors may occur more frequently. 


If the standard error of each tape length used to measure a length is + 0.01 m. the standard error 
in 4 tape lengths will be 


(a) 0.01m. (b) 0.02m. 
(© 0.04m. (d) 0.16m. 
ANSWERS 
© 2. (d) 3. © 4. (a) 5. (b) 6. (a) 


(c) 8. (a) 9. (a) 10. («© 11. © 12. (b). 


